We study the basic thermodynamic and electromagnetic properties of the superconductor described by the negative-U Hubbard model ( gap parameter ∆, critical temperature T C , London penetration depth λ, thermodynamic critical field H C and Ginzburg-Landau correlation length ξ G-L ). 
I. INTRODUCTION
Among the recently studied superconducting compounds there are several groups of materials (copper oxides, fullerides, Chevrel phases, barium bismuthates ...) which share some nonconventional features like high T C with relatively low carrier concentration, short coherence length together with extremely small ξ G-L /λ ratio and universal dependence of [1, 2] . Above features suggest that a short range almost nonretarded attraction is responsible for pairing in these systems [3] . One of the simplest effective models to describe this situation is the negative-U Hubbard hamiltonian. This model constitutes a common basis for the description of the superconductors with weak local electron pairing, being in many ways similar to the classical BCS systems, and superconductors with strong attraction where the local pairs conform to weakly charged hard core bosons [3] . It has been considered as an effective model of superconductivity in the family of cuprates [4, 5, 6] , the barium bismuthates [7, 8] , the fullerides [9, 10, 11, 12, 13] and the Chevrel phases [3] .
In our paper we present some new results of an analysis of the several basic thermodynamic and electromagnetic properties of this model for various types of lattice structure.
We have concentrated on the case of (i) square (SQ, d=2), (ii) simple cubic (SC, d=3) and (iii) face-centered cubic (FCC, d=3) lattices, i.e. structures representing (i) the family of cuprates, (ii) the Chevrel phases and barium bismuthates and (iii) the fullerides, respectively. For comparison we also present the results obtained for a model rectangular density of states D(ε). To calculate quantities of interest we use the (broken symmetry) HartreeFock approximation (HFA) which is known to give credible results at T = 0 K as concerns energy of the ground state, the energy gap, the chemical potential as well as the collective excitations in the whole interaction range, interpolating smoothly between the weak and strong-U limit, where it matches the results of the perturbation theory developed from the zero-bandwidth limit [14] . On the other hand the HFA leads to qualitatively erroneous results for the the thermodynamic critical field H C and Ginzburg-Landau correlation length ξ G-L in the strong attraction limit. This failure is due to the fact that the HFA greatly overestimates the energy of the normal state which is used in a standard calculation of H C and next ξ G-L . In order to discuss the behaviour of H C , ξ G-L and Ginzburg ratio κ = λ ξ in the whole interaction range we have completed the results of the HFA calculation with the ones of the perturbation theory. We will also point out a possible relevance of our results to the recent experimental data for the short-coherence length superconductors.
II. GENERAL FORMULATION
We consider the negative-U Hubbard Hamiltonian in the hypercubic lattice
where t is the hopping integral, δ is a unit lattice vector and the exponential (Peierls) factors in (1) account for the coupling of electrons to the magnetic field via its vector potential A( r).
A( m) δ, and e is the electron charge.
For weak vector potential the expectation value of the Fourier transform of the total current operator in α direction (α = x, y, z) can be obtained from the linear response theory [16, 17] as
Here we have separated the total response kernel K αβ ( q, ω) into a diamagnetic part and a paramagnetic part. The diamagnetic contribution evaluated within HFA is
where λ k = ǫ k −μ, ǫ k = t δ e i k δ and E k = λ of the selfconsistent equations [15] :
whereas the free energy per site of the superconducting (SS) phase and the normal (NO) phase is given by:
whereμ NO is determined from:
The expression for the paramagnetic part of the kernel reads
In the London superconductors the magnetic field penetration depth λ(T ) is determined by the sum of diamagnetic and paramagnetic part of the total kernel in the static limit [16, 17] .
At T = 0 K the paramagnetic part of the kernel becomes important in determining λ when the correlation length becomes greater than the penetration depth and we deal in this case with nonlocal (Pippard) superconductor. This situation is common in many low-T C systems. The short-coherence length materials, including the high T C superconductors represent the opposite, i.e. the London limit. In the latter case the ground state penetration depth is determined entirely by the q → 0 limit of the kernel where the paramagnetic part of the kernel vanishes and λ is given by:
In our calculation of λ we restrict ourselves to the London limit having in mind the properties of the systems of interest and finaly determine the area in the U-n parameters space where the local approximation may be valid. The value of the penetration depth calculated in this way is qualitatively good both in the weak and strong-U limits, in the latter case approaching the results of the perturbation theory, as will be shown below.
Using the value of the penetration depth and the difference of the free energy between normal and superconducting phase one is able to determine the thermodynamic critical field H C and the Ginzburg-Landau correlation length ξ G-L as
where Φ 0 = hc 2e
, and to obtain the estimations for the critical fields 
where
is the average value of the kinetic energy term in the NO(SS) phase.
The HFA calculation of the energy of the ordered state at T = 0 K are reliable for any U [3] and E SS 0 reduces correctly to the exact value: Un/2 in the zero bandwidth limit where the electrons form a system of on-site pairs and singly occupancy of sites is prohibited.
On the other hand the HFA energy of the normal phase in this limit is equal to Un/4
instead of Un/2 thereby producing the incorrect energy difference of Un/4. In order to remedy this inconsistency, at least in part, we resort to the results of the perturbation theory in the calculation of E NO 0 for |U| ≫ t. The hamiltonian (1) reduces in this case to the pseudospin-1/2 Heisenberg model working in the subspace of states with no singly occupied sites [3, 18, 19] :
where 2ρ operators. The electron number condition is: 
III. ANALYTICAL RESULTS FOR WEAK AND STRONG U CASES AT T = 0 K
The system of the selfconsistent equations (4, 5) can be approximately solved in the limiting cases of the weak and strong attraction limits and here we present these results:
A) The weak-U case
Provided that the chemical potential is not located too close to van Hove singularity of the density of states (DOS) function D(ε), the gap parameter at T = 0 can be obtained from equation (4) as:
where: 
Cμ is a function of electron density, which depends on details of DOS and is defined by
In Eqs. (19), (21) the chemical potential may be approximated by its value in the normal state,μ NO and it is determined by:
The critical temperature in this limit is given by:
which is the well-known weak coupling BCS ratio.
Analogously, performing the weak coupling expansions of Eqs. (3, 5, 11) at T = 0 one can find the analytical expressions determining λ,μ SS , H C , ξ G-L and κ. The London penetration depth is calculated as
andμ =μ NO . Obviously, for |U|/B → 0 E K SS (0) approaches the value of the band energy in the normal state.
In a case when we can neglect variation of D(ǫ) and
whereasμ SS and H C (0) are given bȳ
whereμ NO is given by Eq. (22), and
The weak coupling formulas for ξ G-L and κ = λ/ξ G-L follow directly from Eqs. 
B) The strong-U case
In this case the integrands in Eqs. (4, 5) can be expanded in series with respect to t/U and we have:
where δ = 1 − n,μ NO is given by (22) and the lattice sums L n represent the moments of DOS and are given by:
One can note that odd moments vanish for the alternating (i.e. SQ and SC) lattices 
In the structures with asymmetric DOS (like FCC) the odd terms in t/U from Eq. (35) are again nonzero. From (13) and (14) we obtain:
It is worth while to compare the strong coupling results of HFA with the ones obtained for the effective pseudospin model Hamiltonian (16) . Recently, the electromagnetic properties of that model have been analysed in [18, 19] and below we only quote the expressions derived within MFA (the RPA treatment, taking into account quantum corrections, yields qualitatively similar results, except the low density limit [19] ):
where will also compare some of the predictions given above with the results of numerical solutions of Eqs. (3)- (5), (11)- (14).
IV. RESULTS OF NUMERICAL SOLUTION AND DISCUSSION.
Figs.1a and 1b show the numerical plots of T C (n), ∆(n) and λ −2 (n) for SC and FCC lattices, respectively (the corresponding plots for SQ lattice are given in Fig.1 
where B is the effective bandwidth. All these plots were made for the values of U from the weak coupling regime (|U|/B = 0.1) where the effects of the density of states, D(ε), are most clearly seen. In this regime the superconducting critical temperature T C and the T =0 gap parameter ∆ increase rapidly withμ approaching van Hove singularities in D(ε), in agreement with a modified BCS expression Eq. (19) . This is the reason why T C for SQ and SC lattices is symmetric with respect to n=1 and so strongly peaked for SQ lattice at n=1 while the position of T C peak in the FCC structure moves with increase of |U| from the vicinity of n≈2 toward n=1. For the FCC lattice the effect of density of states on the penetration depth consist mainly in U-dependent shift of the maximum of 1/λ 2 from n = 1 towards n < 1 (Fig.1b) . The inverse squared penetration depth, being proportional to the bandwidth for weak-U decreases like ∼ Zt 2 /|U| in the strong coupling limit. The plot of this quantity as a function of n for a few values of |U|/B is shown in Fig.2 (SQ lattice).
Examples of the evolution of the thermodynamic critical field H C and of the correlation length ξ G-L , with |U| and n are shown in Fig.3,4 . Note the steep decrease of ξ G-L with n in a relatively narrow range of n values for the FCC lattice and substantial reduction of ξ G-L near n = 1 for the SQ lattice (Fig. 5) . These features can be understood on the basis of the ∆(n) behaviour presented in Figs 1,2.
The substantial variation of ξ G-L with n for |U|/B < 1 is largely due to the strong n dependence of H 2 C which in the weak coupling limit is proportional to ∆ 2 D(μ) (cf. Eqs. (29), (30)).
With increasing |U| the n-dependence of the correlation length is less pronounced and in the strong coupling regime, |Zt/U|≪1, ξ G-L calculated with in HFA goes like ∼ |Zt/U| being almost independent on n. However, for large |U| the energy of the normal phase,
entering (11), (12) 
They coincide (to the second order in Finally let us conclude the evolution of the Ginzburg ratio κ = λ/ξ G-L with |U| and n.
Concentration dependence of this quantity is plotted in Fig 6. Notice universal behaviours (i)
In the weak-to-intermediate coupling regime (|U|/B < 1) κ(n) is not universal and strongly depends on the details of D(ǫ). From the equation λ/ξ G-L = 1/ √ 2 one can estimate the boundaries between local and nonlocal electromagnetic behaviour in the considered model [16, 17] . In Fig. 7 we plot this boundary in the |U|/B − n parameter space for fixed value of t and a. In the low concentration limits (|n − 1| ∼ 1) the local behaviour extends up to very small values of |U|/B.
The high-T C systems (not only the cuprates but also the barium bismuthates and the fullerides) are extreme type II superconductors with local electromagnetic behaviour and with very large Ginzburg ratio estimated to be of order 10 2 [3, 21] . Thus, from the equality κ = 10 2 one can estimate the values of |U|/B and n which could be reliable for these materials.
Examples of such estimations are given in Fig. 8 
whereas 1/λ 2 (0) = −K dia calculated from Eqs.(3) and (4), (5) is:
Taking into account Eqs.(A4)-(A6) in Eqs. (11) and (12) one finds the following expressions for H C , ξ G-L and κ:
In the limits (i) |U|/D ≪ 1 and (ii) |U|/D ≫ 1 the above equations take the form:
for (ii):
For |U|/D ≫ 1 the results for H C ( and consequently also for ξ G-L and κ ) are unrealistic as E NO 0 in this limit largely overestimated by MFA. As we have quoted in Sec. 2, one can correct these results by using Eq.(18) instead of (A4) in the calculation of H C . (numbers to the curves). 
